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Abstract. We give a geometric derivation of SLE(ft, p) in terms of con- 
formally invariant random growing compact subsets of polygons. The 
parameters pj are related to the exterior angles of the polygons. We 
also show that SLE(k, p) can be generated by a metric Brownian mo- 
tion, where metric and Brownian motion are coupled and the metric is 
a pull-back metric of the Euclidean metric of an evolving polygon. 



1. Introduction 

Stochastic Loewner evolution (or SLE) as introduced by Schramm in [12] 
describes random growing compacts in a simply connected planar domain D. 
Schramm discovered SLE by considering discrete random simple curves which 
satisfy (1) a Markovian-type property and whose scaling limit was conjec- 
tured to be (2) conformally invariant. These two properties (plus a reflection 
symmetry) render SLE canonical in the sense that there exists only a one- 
parameter family of random non-self-crossing curves 7 with these properties. 
They are all obtained by solving Lowner's equation [9] with a driving function 
given in terms of Brownian motion. If D is the upper half-plane H, and k > 0, 
consider for each ztl the ordinary differential equation 

(1-1) d t9t (z)= gt{z) 2 _ Wt > 9o(z) = z, 

where Wt = \fnB tl and B t is a one-dimensional standard Brownian motion. 
Let T z be the duration for which this equation is well defined, i.e. T z — sup{t : 
inf se [ 0jt ] \gt{z) — Wt\> 0}, and set K t = {z : T z < t}. Then it is easy to show 
that gt is a conformal map from M\Kt onto H with lhn z ^, QO (g(z) — z) = 0. It 
can also be shown [11] that with probability one the random growing compact 
set Kt is generated by a random non-self-crossing curve t > 74 in the sense 
that M\K t is the unbounded component of H\7[0,t]. 7 is a random curve 
connecting the boundary points and 00 and is called chordal SLE K in HI 
from to 00. For an arbitrary domain D and prime ends z and w chordal 
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SLE K in D from z to w is defined via conformal invariance up to a time- 
change. I. e. if /(H) = D, /(0) = z, /(oo) — w, then f(jt) is a chordal 
SLE K in D from z to w. If g is another conformal map from H onto D with 
q(0) = z, g(oo) = w, then {5(7*), t > 0} has the same law as a time-change 
of {/(7t),*>0}. 

For calculations involving SLE conformal invariance is a powerful tool as 
it is always permissible to choose the geometrically most convenient configu- 
ration to do a given calculation. The solution depends only on the conformal 
equivalence class, or the moduli, of the configuration. The determination of 
certain hitting probabilities is reduced to solving appropriate hypergeometric 
equations. In fact, what one does is to track the evolution of these hitting 
probabilities as the curve 7 grows, which comes down to tracking the evolu- 
tion of the image under the uniformizing map g t of the set 7 is supposed to 
hit. For example, if 7 is chordal SLE K in the upper half-plane from to 00, 
k > 4 and x, y > 0, then the probability that 7 hits (—00, — y) before (x, 00) 
depends only on the cross ratio — y/x and is given by 

r(2-4a) / y/x \ X ~ 2 " . n n n y/x . 

P = ^ \ , W1 \ J , , : F(2a,l-2 Q ,2-2 Q ; fl - ), 



r(2 - 2a)r(l - 2a) \y/x + lj v ' y/x + V 

for a = 2/k, see [7]. The calculation of p uses the movement x and — y 
undergo under the uniformizing map g t , i.e. t 1— > x t = gt(x), —yt = 9t{—y)- 
We note that although x t and y t are coupled to W t via 

d t x t = -777' d t(-yt) = 



x t - W t -y t - W t 

there is no coupling of W t to x t or — y t . If we do couple W t to x t , —yt via 

dW t = \[ndBt + b(x t , -y t )dt, 

then the requirement that the random curve 7 that results from solving 
Lowner's equation for this Wt be both, conformally invariant and satisfy a 
Markovian-type property, forces the function b to be homogenous of degree 
— 1, sec [2]. The simplest such function is b(x,y) = pi/x + pi/y. Coupling 
with this particular choice of drift b leads to an example of SLE(/t, p), which 
we now define. 

Let z\ < z 2 < ■ ■ ■ < z n be real numbers all distinct from 0. Consider the 
system of stochastic differential equations 

n 

Pk 



dWt^^dBt+J^^^dt, 



(1.2) dZ? = dt, k = l...,n, 

with Wo = 0,Zq = zi,...,Zq = z n , and where B t is a one-dimensional 
standard Brownian motion. The solution exists at least up to some small t. 
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As above, let gt(z) be the solution to (1.1). Then the family of conformal 
maps gt is called SLE(k, p) in the upper half-plane from (0, z\, . . . , z n ) to oo. 
In this paper we will show that SLE(k, p) arises naturally when one considers 
random growing compacts in polygons, i.e. that the particular drift of W t 
in (1.2) can be derived from purely geometric considerations. SLE(k,/?), its 
properties and relation to SLE have been studied in several papers, [8], [13], 
[4]- 

2. Conformal Matters 

2.1. Schwarz-Christoffel Formula. To begin with, let I? be a bounded 
simply connected domain whose boundary is a closed polygonal line without 
self-intersections. Let the consecutive vertices be £i, . . .(n in positive cyclic 
order. The angle at £fc is given by the value of arg(£fc_i — Cfc)/(Cfc+i — Cfc) 
between and 2n (we set ( n+ i = ( n ). Denote this angle by a k ^ 1 < a k < 2. 
We also introduce the outer angles (3k^ = (1 — ak)ir, — 1 < (3 k < 1, and note 
that 

(2.1) /?! + ■■ •+/?„ = 2. 

The polygon is convex if and only if all (3k > 0. We will call the pairs ((k, (3k) 
the corners of the polygon. 

Let / be a conformal map from D onto the upper half-plane H and let 
z k = /(Cfc)- Assume that none of the Zk equals oo. For z e H define the 
Schwarz-Christoffel mapping 



(2.2) SC{z) = SC 



Zl, ■ ■ 




z 


_/?!,.. 




z* _ 



H(z-z k )- Ph dz, 
•-* fe=i 



where the powers (z — z k ) ^ k denote analytic branches in H. Note that 

n 

(2.3) SC'{z)= Y[(z-z k )-P\ 

fe=i 

and 

(24) SC^z 1 = _^^_ 

[ ' ' SC'(z) t[z-z k ' 

Then it is well known that for some constants a, b e C, 

r 1 = aSC + b, 

see [1]. This result extends to the case when the polygon is allowed to have 
slits, i.e (3k = — 1 for some k. Slits are counted as double edges of the boundary 
polygon, traversed in positive cyclic order. A vertex, when considered as a 
boundary point, may then occur multiple times, corresponding to different 
prime ends. Henceforth, a corner {p kl (3k) will always be a pair consisting of a 
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prime end pk located at a vertex together with the exterior angle (3k associated 
to the prime end pk- The formula (2.2) then remains unchanged if Zk = f(pk)- 

If f{Pk) = °° f° r on e k, then (2.2) needs to be adjusted by simply dropping 
the factor with exponent — (3k- 

Finally, formula (2.2) continues to hold if D is unbounded or one (or several) 
corners are at oo, provided that the angles at oo are appropriately defined, see 
[5]. The interior angle at oo is chosen in [— 2ir, 0]. For example, the angular 
region {z = re lip : r > 0, < ip < a} has a corner at infinity with angle —a, 
while the infinite strip {0 < 3(z) < 1} has two corners at oo with angles (so 
(3=1 there), and the slit plane C\[0,oo) has a corner at oo with angle — 2ir 
{(3 = 3). Then (2.1) continues to hold. In the following, polygon will refer to 
these 'generalized' polygons. 

2.2. Marked domains, weights, and polygons. We call a simply con- 
nected region D together with a finite number of distinct prime ends p\ , . . . , p n 
a marked domain. We call the set {pi, . . . ,p n } the marking. A marked do- 
main (D, {pi, . . . ,p n }) is weighted if to every prime end pk is associated a 
weight (3k € M. We then call {(pi,/3i), . . . , (p n ,(3 n )} the weighted marking. 
Two weighted marked domains 

(D,{(p 1 ,(3 1 ),...,(p n ,(3 n )}), and (£>', {(q u r/i), . . . , (q m , r) m )}) 

are said to be conformally equivalent if there is a conformal map / from D 
onto D' such that 

■ ■ , (f(pn),{3 n )} = {(qi,m), (q m ,Vm)}- 

In particular, this is only possible if n = m and corresponding weights are 
equal. 

If D is a polygon it has a natural weighted marking given by its corners. We 
say two polygons D and D' are conformally equivalent if they are conformally 
equivalent as weighted marked domains using their natural weighted marking. 

Lemma 2.1. If D is a polygon with corners (pi,(3\), . . . , (p n ,(3 n ) in positive 
cyclical order, and 7 is a Jordan arc contained in D except for one endpoint 
which lies on the interior of a side S of D, then there is a conformal map 
f from D\j onto a polygon D' such that (/(pi),/3i), . . . , {f{p n ),(3 n ) are the 
corners of D' in positive cyclical order. If we require f(SU-f) = [0, 1], then f 
is unique. 

Proof. Without loss of generality we may assume that S C K. To begin, 
we also assume that 7 is differentiable, parameterized over the interval [0, T] 
with 7(0) G S. Then the existence of / follows from an application of the 
Dirichlet principle: As / is to preserve angles, arg/' is constant on dD. In 
fact if f(S) C R, then arg/' = on dD, and, for t e (0,T] we need arg/' = 
-arg7(i). 

For general Jordan arcs 7, the result now follows by approximation. □ 
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2.3. Conformally invariant measures. The following discussion is meant 
to motivate the ensuing construction. Let 

D M w = (D,{(p 1 ,f3 1 ),...,(p n ,(3 n )}) 

be a weighted marked domain and z and w two prime ends of D which are 
not part of the marking. Suppose that for each such triple (Dmw,z,w) we 
are given a probability measure Pd mw ,z,w on non-self-crossing curves in D 
whose one endpoint is z and whose other endpoint is w. Assume now that 
this family of probability measures is interrelated by conformal invariance and 
a Markovian-type property as follows: 

Conformal invariance: If / : D — ► f(D) is conformal, and 7 is a random 
curve in D from z to w with law P(D,{{p 1 ,p 1 ),....(p n .i3 n y}).z,wi then f(j) is a 
random curve in f(D) from f(z) to f(w) with law 

P U(D),{(f(Pl),0l),-,(f(Pn),M}),f(z),f(w)- 

Markovian-type property: If 7 is a random curve in D from z to w with 
law P(D.{( Pl ,/3 1 ),...,( Pn ,i3 n )}).z,w an d 7' is a sub-arc of 7 with endpoints z and 
z'(& D), then the conditional distribution of 7 given 7' is 

- P (D\ 7 ',{(p 1 ,/3 1 ),...,(p„,/3„)}), z ',«,- 

Families of measures on curves in domains satisfying these two properties 
lead via Loewner's theory of slit mappings to random processes on the bound- 
ary of appropriate domains. Conformal invariance and the Markovian-type 
property then imply that this motion together with the random motion of 
the conformal parameters — which classify the conformal equivalence class of 
the marked weighted domain — is a Markov process, see [2]. The question 
then centers on what Markov processes to consider. A particular choice leads 
to a well known family of probability measures with the above properties — 
namely SLE(k, p) — and our next goal is to derive the driving Markov process 
for SLE(k,p) from a purely geometric condition. 

3. SLE(k,p) and Polygon motion 

Denote V the collection of all polygons D such that 

{z : \z\ < e, > 0} C D, {z : \z\ < e, = 0} C 3D 

for some e > 0. That is, V contains polygons with a side I on the real axis, 
such that is in the interior of I and such that the interior of the polygon 
near lies in the upper half-plane. If (pi, /3i), . . . , (p n , (3 n ) are the corners 
of a polygon D e V, we may assume that the corners are labeled such that 
e [pi,p 2 ] C E. Then there is a map SC :M^D, 



SC(z) = SC 



Zl, ■ 


■ • ■> %n 


z 


_ ft,- 


..,&» 
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for some real points z\, . . . , z„ with z\ < < z n . For k > set 
(3.1) Pk = -^Pk, k = l,...,n. 

In particular, — k/2 < p k < n/2. Suppose that (W t , Z\, . . . , Z™) is a solution 
to (1.2). For z in the upper half-plane, set 



SC t (z) = SC 





• ■ 7 


z 


_ Pi,- 


..,Pn 






Then z i— » SC t {z) extends continuously to the real axis with the points Zf 
removed and is differentiablc there as a function of t. In particular, if W s ^ 
Z\, . . . , Z™ for s£ [0, t], then we may define 

(3.2) f t (z) = SC t (z) - f\a a SC s )(W 6 ) ds. 

Jo 

Note that f t maps EI into a polygon while the function / in Section 2 mapped 
a polygon onto the upper half-plane. 
Define the stopping time u by 

cr = sup{i :W S ,Z],...,Z™ are all distinct for < s < t}. 

Lemma 3.1. The process Ut = ft(Wt) is a martingale for t < a. Further- 
more, if 

ft 

A t = n (SC' s (W s )f ds 
Jo 

and r(t) is defined by A T ^ = t, then t ^t(*) * s a standard Brownian 
motion. 

Proof. By an appropriate ltd formula [10], 

du t = (d t ft)(w t ) dt + f t {w t ) dw t + ^fl'(w t ) dt 

Thus (3.2), (1.2), and (2.4) imply 

dU t = y/ZSC' t (W t ) dB t . 
By (2.3), < \SC[{W t )\ < oo for t < cr, and the lemma follows. □ 



Remark 3.2. The motion of the corners of the polygon /t(H) is differentiablc. 
Indeed, for e small enough, 
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where 71 is a curve from to Z l tl 72 is a straight line segment from to 
Z l t+t — Z\, and 73 is 72 shifted by Z\ +t — Z\, connecting Z l t+t — Z\ to Z\ +t . If 
we parameterize 72 by 



a e [0, 1] ~ z{s) = s(Z l t+e - Z\), 



then 



. n 

lim n 7 / n^-^r^ «fa 

1/0 fe=l 
2 " 

(3.3) = —, Wi-Z*)-^. 

Similarly, if s € [0, 1] 1— > z(s) is a smooth parameterization of 71, and if 

s € [0,1] ~z(s) = z(8) + Z l t+e -Z l t 
parameterizes 73, then z'(s) — z'(s) and 

A= / H(z-z? +e )-e* dz- l[ {z -z^dz, 



'T3 fc=l T 1 fe=l 



(3.4) 



.\ I n n \ 



^fe=l k=l 

Hence 

A 2(Zj-Z t fc ) [ Zl YT, 7 k,- 0k sr fa , 

Remark 3.3. If we begin with an arbitrary SLE(k, p), i.e we begin with a 
choice of z\, . . . , z n and pi, . . . , p n , then the results of this section continue to 
hold. In this case the Schwarz-Christoffcl mapping SC is no longer guaranteed 
to be one-to-one. However, it still maps the intervals [zfc,z/c+i] onto straight 
line segments. By considering the Riemann surface of the analytic function 
SC we can still interpret the image SC(M) as a polygon, albeit not a planar 
one. For example, SLE(2, (—1, —1)), up to a normalization, leads to the map 
z 3 — 3z which is easily understood in terms of a 3-fold cover, see [1]. 

For a polygon D, denote 

(<?, u) £ D x dD 1 ► k D (q, u) 
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the Poisson kernel of D. If p e dD, denote d2Hu, P {q, u) the analytic function 
in q whose real part is d2kD{q,u) and which satisfies 

lim d^Ho P (q, u) = 0. 

Theorem 3.4 (Loewner evolution in polygons). Denote K t the hull of an 
SLE K {p) in the upper half-plane and gt ■ V\K t — > HI the normalized uni- 
formizing map. Then ht = ft ° gt ° fo '■ D\.fo(Kt) — * D t satisfies 

(3.5) d t \nh' t {z) = ft(Wt) 2 d 2 H DtJt(oo) (h t (z)Jt(Wt)). 

Proof. Let h t = ft ° gt fo 1 - Then 

h' t (z) = fMfcHzWttfoHzWo 1 )'^) 

U^MfoH^^Z^gjif-^z)) 

nLi(/o _1 w-^)- ft 

Set tu = fo (z)- As d t g' t (z) — — 2g' t (z) / (g t (z) — Wt) 1 , straightforward com- 
putation gives 



wz) = n 



W - Zk 



g'tW 



E 



-Pi 



(3.6) 



h't(z) 



^ \g t (w) - W t Z\ -Wt) g t (w) - Z\ (g t (w) - W t f 
2 2 ^ A 



(gt(w)-Wt) 2 (g t (w)-W t 



Now, we note that 

ffpouGz.u) - /« (/r 1 (ti))- 1 ^^- 1 (9), /r 1 («)) , 

whence, if w t = / t ~ (u), 
(3.7) 



d u Hp oh (q,u) = f' t (v t ) 2 



/t>t) 
//(«*) 



Since £Zh(z, w) = 2/(z — w), the theorem follows. 

4. SLE IN VARIABLE BACKGROUND METRIC 



□ 



Instead of mapping SLE(k, p) into polygons we can also stay in the upper 
half-plane and change the metric. Indeed, f t : H — » D t is an immersion. If we 
endow _D t with the Euclidean metric, then the metric induced by f t on HI is 

g ij = 6 ij \ft(z)\ 2 , i,3 = l,2, 

where the indices 1 and 2 refer to the real and imaginary coordinate, re- 
spectively. If r = (r^-fe) denotes the Levi-Civita connection for this metric, 
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dWt = a){W s ) dBl - da, 



then the (2-dimcnsional) Brownian motion W for the metric (gij) solves the 
stochastic differential equation 

1 

2 ; 

see [6]. Here g^ 1 = (g kl ) is the inverse coefficient matrix of g and a is a 
square root of g^ 1 (i.e. a<r T = g^ 1 ), and we observe the Einstein summation 
convention according to which indices occurring once "upstairs" and once 
"downstairs" are to be summed over. For our particular metric g we find 



r!,=r. 2 = - S (f), 



see [3] . The boundary R = dM is a one-dimensional sub-manifold of H. The 
metric jonH thus induces the metric (f[(x)) 2 dx 2 on R. A (one-dimensional) 
Brownian motion W relative to this metric solves the stochastic differential 
equation 

We now couple the metric to the Brownian motion W via 
(4.2) dZ\ = —— — -|— r dt, k = l,...,n. 

Then, after a time-change, (4.1) and (4.2) become the SLE(re, /^-system (1.2) 
with the convention pj — K/3j/2. 
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